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Hollow-fiber membrane processes with a constant external resistance having a con- 
stant or variable shell concentration resulting from an operational mode of cocurrent or 
countercurrent are studied. 4, solving numerically the continuity mass-conservation 
equation with the corresponding boundaiy conditions, the lumen laminar mass-transfer 
coeficients for both cases are correlated. The correlations greatly improve the calculat- 
ing accuracy of the overall mass-transfer coeficient and can be used to obtain the 
lumen mixed-up concentration by an algebraic equation substituting the partial differ- 
ential equation. A separation factor m' is introduced to characterize the effect of the 
operational mode. Calculation results demonstrate that the lumen mass-transfer coefi- 
cient is independent of the real lumen and shell concentrations, but it is greatly influ- 
enced by m'. The countercurrent mode, compared to the cocurrent mode, provides not 
only a higher mean driving force, but a higher lumen mass-transfer coeficient. This 
conclusion is novel and valid for the tube-shell heat or mass-transfer processes and is 
supported by the experimental data in the literature and our gas membrane separation 
experiments. 

Introduction 
Membrane processes have recently become an accepted 

unit operation for a wide variety of separations in industry 
and in environmental applications. Because of the high sur- 
face area per unit volume and the other advantages, hollow- 
fiber modules have been found almost in all branches of 
membrane applications. Among them are the cases in which 
the membrane-permeating component is diluted in the lu- 
men fluid, and they can be found in new membrane proc- 
esses under development, such as membrane-based extrac- 
tion (MBE), the supported liquid membrane (SLM) process, 
the hollow-fiber-contained liquid membrane (HFCLM) proc- 
ess, the supported gas membrane (SGM) process, 
membrane-based absorption/desorption (MBAD) (similar to 
the SGM process, but the micropores are wetted by the liq- 
uid phase), permabsorption, membrane gas (vapor) perme- 
ation, pervaporation, perstraction, membrane reactor, as well 
as in dialysis, a more traditional application. In these cases, 
the flux through the membrane is small, and thus the volu- 
metric flow rates of the two fluids, unlike in the traditional 
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pressure-driven membrane processes such as reverse osmosis, 
ultrafiltration, and microfiltration, can be taken as constant. 
Due to the low concentration of the membrane-permeating 
component, its phase partition coefficient and its diffusion 
coefficient in the membrane and the shell fluid can be taken 
as constants (Prasad and Sirkar, 1990; Yun et al., 1992; Ur- 
tiaga et al., 1992; Tompkins et al., 1992; Hutter et al., 1994; 
Brookes and Livingston, 1995; Qin et al., 1996); therefore, 
the membrane wall and shell resistances are concentration 
independent. When the shell resistance is length indepen- 
dent (Wang et al., 1992; Costello et al., 1993), the combined 
mass-transfer coefficient from the wall and shell is constant, 
and it is described as the external mass-transfer coefficient 
(Qin and Cabral, 1996). Mathematical models for hollow-fiber 
(or other tubular-mass or heat-transfer) processes have been 
adopted by considering the velocity and concentration pro- 
files along the hollow fiber by means of the continuity mass- 
conservation equation and the associated boundary condi- 
tions. When external resistance and shell concentration are 
constant (called Case A), analytical solutions are available 
(Kooijman, 1973; Cooney et al., 1974). Numerical methods 
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have been used to solve the same problem for membrane 
processes (Tang and Hwang, 1976; Raghunath and Hwang, 
1992; Kreulen et al., 1993; Karoor and Sirkar, 1993; Wang et 
al., 1993; Qin et al., 1996). 

However, Case A, which demands a constant shell concen- 
tration, does not occur frequently in industrial practice, ex- 
cept for a few examples: (1) a component is instantaneously 
reactively absorbed (or extracted) from the feed in the lumen 
through the membrane wall to a solution in the shell (Zhang 
and Cussler, 1985a,b; Nii et al., 1992; Wang et al., 1993; Ur- 
tiaga and Irabien, 1993; Qin et al., 1996); (2) the pure gas in 
the shell is physically absorbed by a fluid in the lumen through 
a wetted or unwetted porous wall (Karoor and Sirkar, 1993; 
Kreulen et al., 1993); (3) the shell is kept under vacuum 
(Raghunath and Hwang, 1992); (4) when the fluid flow in the 
shell is in excess or/and the phase distribution coefficient is 
small (Cooney et al., 1974; Prasad and Sirkar, 1988; Hutter et 
al., 1994); and (5 )  when a first-order reaction occurs at the 
wall (Wu et al., 1993; Yi and Tavlarides, 1995 (see the Ap- 
pendix)). Nevertheless, this limit case is most frequently ex- 
plored in experimental measurements of the membrane 
mass-transfer coefficient and provides an easy way to under- 
stand the mass-transfer mechanisms. 

Chemical engineers have tried to avoid the complexity of 
solving partial differential equations, especially for the pur- 
pose of design. Many researchers have assumed plug-flow and 
lumped lumen mass-transfer effects into a film-type mass 
transfer coefficient to describe lumen mass transfer. The cor- 
relations of the lumen mass-transfer coefficient of the 
Leveque equation type, or Skelland’s solution of Graetz prob- 
lem are used in almost all hollow-fiber membrane applica- 
tions, such as the MBE process (D’Elia et al., 1986; Dahuron 
and Cussler, 1988; Prasad and Sirkar, 1988; Takeuchi et al., 
1990; Tompkins et al., 1992; Yun et al., 1992; Hutter et al., 
1994; Yeh and Huang, 1995), the SGM process (Zhang and 
Cussler, 1985a,b; Yang and Cussler, 1986; Wang and Cussler, 
1992; Karoor Sirkar, 1993; Tai et al., 1994), the MBAD proc- 
ess (Karoor and Sirkar, 1993; Hutter et al., 1994), the SLM 
process (Takeuchi et al., 1990; Urtiaga and Irabien, 1993), 
the HFCLM process (Basu and Sirkar, 1992), membrane dis- 
tillation (Sarti et al., 1993), permabsorption (Nii et al., 1992; 
Al-Saffar et al., 1995), membrane gas (vapor) permeation 
(Wang et al., 1992), pervaporation (Raghunath and Hwang, 
1992), perstraction (Brookes and Livingston, 19951, mem- 
brane adsorption (Saito et al., 19881, and hollow-fiber biore- 
actor (Wu et al., 1993), as well as the dialysis, reverse osmo- 
sis, and ultrafiltration processes. 

However, the availability of simple but accurate correla- 
tions is limited. For instance, the Leveque equation and Skel- 
land’s solution of the Graetz problem (Prasad and Sirkar, 
1988) are only strictly valid for the case of a constant lumen 
wall concentration and the concentration profile rarely devel- 
oped. Urtiaga and Irabien (1993) suggested a correlation for 
the SLM process (Case A), neglecting the effect of Sh,. Nev- 
ertheless, as concluded from the analytical and numerical so- 
lutions (Kooijman, 1973; Qin et al., 19961, the lumen Sher- 
wood number is a function of Sh, and the Graetz number, 
G,. However, since the early correlations for the lumen 
mass-transfer coefficient (Yang and Cussler, 1986; Dahuron 
and Cussler, 1988; Prasad and Sirkar, 19881, not many more 
correlations have been suggested (Takeuchi et al., 1990; Ur- 
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tiaga and Irabien, 1993). Apparently, researchers have re- 
cently paid more attention to the shell mass-transfer coeffi- 
cient (Takeuchi et al., 1990; Nii et al., 1992; Wang et al., 
1992; Costello et al., 1993). 

In many experimental cases and industrial applications, 
hollow-fiber processes may be carried out under conditions 
where both the lumen and shell concentrations change signif- 
icantly. Thus the concentration fields in the lumen, mem- 
brane wall, and shell are coupled through mutual boundary 
conditions at the interfaces, and the problem should be 
treated as a coupled boundary problem (Yi and Tavlarides, 
1995). On the other hand, many researchers still use correla- 
tions like the Leveque equation to obtain the lumen mass- 
transfer coefficient for this case (D’Elia et al., 1986; Dahuron 
and Cussler, 1988; Yun et al., 1992; Hutter et al., 1994; Yeh 
and Huang, 1995). Will the axial variation of the shell con- 
centration greatly influence the lumen-mass transfer coeffi- 
cient, and if so, how will it? However, no theoretical analysis 
or intended experimental performance have been reported. 

In this study, numerical simulations are performed to cal- 
culate the lumen Sherwood number for Case A, and for the 
case when Sh, is constant while the shell concentration varies 
along the axial direction, resulting from the cocurrent or 
countercurrent operation mode (Case B). Empirical but accu- 
rate correlations of the lumen Sherwood number are pro- 
vided for a wide range of Sh, and G, for both cases. 

SGM absorption/desorption experiments are performed to 
examine the influence of cocurrent and countercurrent modes 
on the lumen Sherwood number. 

Theory 
Mass-transfer model for Case A 

The following assumptions are made to describe the fluid 
flow and the transport of a single component in the lumen of 
hollow fibers and the transport at the lumen interface: (1) the 
fluid in the lumen of the fibers is Newtonian and has con- 
stant physical properties; (2) no source or sinks exist in the 
lumen; (3) fluid flow through the lumen of fibers is a steady 
laminar flow, valid in most cases for hollow-fiber processes 
with low pressure drops; (4) the flow rate in the lumen is 
constant along the fiber axis, and is valid when the concen- 
tration of the component in the lumen is diluted; (5 )  due to 
the unique configuration of the hollow-fiber modules that the 
fibers are usually epoxy bonded to the ends of the shell, the 
laminar flow in the lumen is fully developed when the mass 
transport through the lumen interface occurs at a certain dis- 
tance from the module entrance; (6) radial transfer of the 
component in the lumen is by Fickian diffusion, radial con- 
vection is neglected, and axial diffusion is neglected com- 
pared to axial convection; (7) the component partition coeffi- 
cient at phase interface(s1 is constant; (8) resistance of the 
membrane and the shell fluid are unchanged with the axial 
direction; and (9) bulk concentration of the component in the 
shell side is treated the same as the axial direction. 

Therefore the concentration profiles in the lumen can be 
established as 
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with the following boundary conditions (BC): 

BC1: C = C,,, z = 0, for all r (2) 

( 3 )  

(4) 

dC 
dr 

BC2: - = 0, r = 0, for all z 

dC 
dr 

BC3: D - = - K ( C ,  - mC,), r = R ,  for all z .  

The membrane processes covered in this article fall into 
one of four basic categories: 

Type I: there is no phase interface at the lumen-side and 
outside surfaces of the hollow-fiber membrane, for instance, 
dialysis; 

Type 11: there is a phase interface at the lumen-side sur- 
face, for instance, the SGM, MBE, or MBAD process, when 
the porous membrane is wetted by the shell phase; 

Type 111: there is a phase interface at the shell-side sur- 
face, for instance, the SGM, MBE, or MBAD process, when 
the porous membrane is wetted by the lumen phase; 

Type IV: there are two phase interfaces at the lumen-side 
and shell-side surfaces, respectively, for instance, the SGM 
or SLM process, where the porous membrane is impregnated 
by the third (gas or liquid) phase, or pervaporation, gas 
(vapor) permeation, permabsorption, perstraction process, 
where a nonporous membrane is used. 

Therefore, the third boundary condition at the membrane 
wall can be further expressed as 

dC 
- D - dr = km( 2 -em,.) = k,(Cm,, - C, )  

dC 
d r  - D - = km(CH - msCm,,) = k,(Cm,, - C,) 

Equations (5a-5d) can be further arranged as 

(Type I) 

(5a) 

(Type 11) 

(5b) 

(Type 111) 

(5c) 

(Type IV). 

( 5 4  

(Type I) 

(6a) 

(Type 11) 

(6b) 

(Type 111) 

( 6 4  

(Type IV) 

(6d) 

Therefore, BC3 can be used to describe these four cases if: 

1 1 1  +-  - = _  m = l  
K km ks 

1 1 ms +- m = m s  -=-  
K km ks 

Assuming that 

r' = r/R 

C' = (C - mC,)/(C, - m c , )  

Z' = zD/4uR2 = G i  

Sh, = 2KR/D. 

(Type 1) 

(7a) 

(Type 111) 

(7c) 

(Type IV). 

( 7 4  

Then Eqs. 1-4 can be reduced to the following nondimen- 
sional forms: 

z '=O,  C ' = 1  (13)  

(14)  

( 1 5 )  

Membrane processes that can be described by the preceding 
model are listed in Table 1 .  

The preceding Fourier-Poisson equation can be solved an- 
alytically by separation of variables (Kooijman, 1973; Cooney 
et al., 1974). In order to stay consistent with the solving mod- 
els with more complicated boundaries in the following sec- 
tion, the orthogonal collocation method on finite elements in 
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Table 1. Various Boundary Conditions at the Hollow-Fiber Wall 
No. Boundary Condition at r = R Operation Mode Researchers 

1 CR = 0 SGM* Karoor and Sirkar, 1993; Kreulen et al., 1993 
dC' 

dr' 
2 -= constant SLM Qin and Cabral, 1996 

SGM 

SLM 

3 

Zhang and Cussler, 1985a,b; Yang and Cussler, 
1986; Kreulen et al., 1993; Karoor and Sirkar, 
1993; Wang et al., 1993; Costello et al., 1993; 
Qin et al., 1996 

Haan et al.,** 1989; Takeuchi et al., 1990; 
Urtiaga et al., 1992; Urtiaga and Irabien, 1993 

MBE 

MBAD 
dialyzer 

permabsorption 

gas (vapor) 
permeation+' 

pervaporation Raghunath and Hwang, 1992 
perstraction Brookes and Livingston, 1995 
MD Saki, 1993 
HFCLM Basu and Sirkar, 1992 
HF Bioreactor 
SGM 

Takeuchi et al., 1990; Yun et al., 1992; Yi and 
Tavlarides, 1995* * 
Karoor and Sirkar, 1993' and 
Kooijman, 1973; Cooney et al., 1974 

Tang and Hwang, 1976; Nii et al., 1992 

Li et al., 1990; Wang et al., 1992 

Kim and Cooney, 1976; Wu et al., 1993 
Zhang and Cussler, 1985a; Yang and Cussler, 
1986; Karoor and Sirkar, 1993; Tai et al., 1994 

4 
dC' Sh, 
dr' 2 [Ck + m'(C'* - 0 1  MBAD Karoor and Sirkar, 1993; Hutter et al., 1994 _ = _ -  

MBE 

SLM 

D'Elia et al., 1986; Prasad and Sirkar, 1986; 
Dahuron and Cussler, 1988 Yun et al., 1992; 
Hutter et al., 1994; Yeh and Huang, 1995 

Yi and Tavlarides, 1995 

gas permeation+' Li et al., 1990; Wang et al., 1992 

* A pure gas in shell absorbed through the unwetted wall to the aqueous phase in lumen. 

' A  pure gas in shell absorbed through the wetted wall to the aqueous phase in lumen. 
" More conventional examples are the removal of VOCs from air. 

The one-order interfacial reaction kinetics is included, see Appendix. ** 

the r' direction was applied to convert the partial differential 
equation into a set of coupled ordinary differential equa- 
tions. The method yields C' at any point within the lumen or 
on the lumen surface of the hollow fiber by solving these 
equations in the 2'-direction by the Runge-Kutta method 
(Finlayson, 1980). Other interesting values-the dimension- 
less mixed cup concentration, C;, the local lumen Sherwood 
number, Sh,, and the local overall Sherwood number, Sh,,,, 
at any z'-can be obtained as follows (Qin et al., 1996): 

C, - mC, 

C , - m C ,  o 
c'= = 4 j 1  (1 - rr2)rrC'  dr' 

dC' I 

dC' I 

(16) 

(17) 

(18) 

An equivalent expression of Eqs. 17 and 18 can be obtained 
from additivity of resistances: 

(19) 

For design purposes, uniform velocity and concentration 
distributions are usually assumed and the average overall 
mass-transfer coefficient, Kavg,r,O is used to characterize the 
overall transport resistance. If dimensionless variables and 
parameters are adopted, then the logarithmic averaged over- 
all Sherwood number, Shavgz,O, and the logarithmic averaged 
lumen Sherwood number, Shavg,z, can be expressed as (Kooij- 
man, 1973): 

(20) 

(21) 
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Mass transfer model for Case B 
When the fluid in the shell is in parallel flow (cocurrent or 

countercurrent) and its concentration variation is not negligi- 
ble, assumptions (1-8) are still valid to describe the fluid flow 
and the mass transport in the lumen and the transport at the 
lumen interface, but assumption (9) is omitted. Therefore, 
the partial differential equation and boundary conditions, 
Eqs. 1-4, are still valid. Nevertheless, C, in BC3 will vary 
along the z-direction. By macroscopic mass balance, BC3 can 
be reexpressed as 

dC 

d r  
D - = - K(C’,{ - mc,,,) = 

1 P/ (C, - C,) - me$ (cocurrent) (22) 

d C  

d r  
D - = -  

solving the equations. Thus, whether for the cocurrent or 
countercurrent mode, for a value of Ci obtained as a func- 
tion of Sh,, m‘and z’, two of the four real concentrations, 
C,, C,, C,,,, and C,,,, can be calculated if two of them are 
given by solving Eq. 24 and the mass balance equation, which 
is discussed in another article (Qin and Cabral, 1997). Also, 
Sh, and S h , ,  can be calculated as follows: 

dC‘ I 

Ck + m’(C: - 1) 
- -2 = Sh, Sh,,, = - - 2RKZ,O 

D c1 C! 
(29) 

By macroscopic mass balance, Kavg,,,, can also be calculated 
as 

cz - mcs.2 In 
Ru C,-mC,, ,  

2z ( l + m g )  

In c z  - mc,, ,  
Ru C, -mC, , ,  

2z ( 1 - m : )  

(23) Kavg,z,O = - - (cocurrent) (30) 
1 L?/ 

( C ,  - C,) - mC$ (countercurrent), 

where C: is the bulk shell concentration at the module end 
where the lumen fluid enters whether the operation is in co- 

tion factor such as an absorption (extraction) or stripping fac- 
tor, as in the convenient absorption/desorption or extrac- 
tion/stripping process (Perry and Green, 1984). Assuming 

or countercurrent mode, and mQl/Qs is defined as a separa- 

(countercurrent) (31) Kavg,z,O = - - 

C’=(C-mCT) / (C , -mC, * )  

m’ = mQl/Qs (cocurrent) 
(24) RU Co-Cz  
(25) Kavg,z,O = - (countercurrent, m‘ = - 1). 

22 C,-mC,,, 

m‘ = mQ,/Q, (countercurrent), (26) (32) 

the boundary condition at the fiber wall can be made dimen- 
sionless: centration leads to 

Expressing Eqs. 30-32 in the form of a dimensionless con- 

act sh, In[ C‘(I+ m’) - m’ ] 
dr‘ 2 [C’ + m’(C: - 1)1 r‘ = 1, for all z‘, (27) Shavg,,,, = - (when m‘ # - 1) (33) -- 

4 (1 + m’)z’ 

where Cl is the dimensionless mixed-cup lumen concentra- 
tion, as defined by Eq. 16, but in which C, is replaced by C:. 
It must be noted that Eq. 27 is right for both cases of cocur- 
rent and countercurrent, positive values of m’ denote cocur- 
rent, and negative values of m’ denote countercurrent. 

Equations 12-14 and 27 can be solved by the orthogonal 
collocation method on finite elements, as described for Case 
A. By using the orthogonal collocation method, Ci can be 
expressed as a linear function of the dimensionless concen- 
tration on collocation points (Finlayson, 19801, hence substi- 
tuting Eq. 27 for Eq. 15 does not create more difficulties for 

(when m‘ = - 1). (34) 

When m’ = 0, Eqs. 28, 29 and 33 are reduced to Eqs. 17, 18 
and 20, respectively. ShavSz can be obtained by using Eq. 21. 
As can be seen from Eqs. 12-16 and 27, Ci is a function of 
z’, Sh,, and m’, independent of values of C,  and C,*. Thus, 
Sh,, ShZ,,, Shavg,,, Shavg,,,, and Kavg,z,O are a function of z’, 
Sh,, and m‘, but independent of C, and C:. From Eqs. 
30-32, mixed-cup concentration in the lumen ’outlet can be 
expressed as 
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'ZKavg,Z,O 
Co-emCs.0 Ru 

C, = . (countercurrent, mQ,/Qs = 1) (37) 
1 +  'ZKavg,Z,O 

If the fluids in the lumen and shell are recycled between 
the reservoirs and the hollow-fiber module, respectively, and 
the holdup effect resulting from the pipelines is neglected, 
then 

(38) 

- V ,  = Q,(C,,, - 
dt 

where V, and V ,  are the total volumes of the fluids recycled 
in the lumen and shell sides, respectively, which are assumed 
to remain unchanged during the process; C, or Cs,z are the 
module exit concentration of the lumen and the shell, respec- 
tively, corresponding to the inlet concentrations C, and Cs,o 
in the same time by a pseudo-steady-state assumption. Inte- 
grating Eqs. 38 and 39 combining with Eqs. 35-37 leads to 

In 
C,(O) - mC,,,(O> 
COO) - mC,,,(t) 

C,(O) - mC,,,(O) 

C,(t) - mC,,o(0) - m - [C,(O) - Co(t)l 
VI 
VS 

= In 

1 m  

Q1 ' Q, 
(cocurrent, m' > 0) (40) 

1980 

(countercurrent, m' < 0, m' f - 1) (41) 

August 1997 

Ru 

(countercurrent, m' = - 1). (42) 

Expressions similar to Eqs. 40 and 41 have been derived from 
or used for SGM and MBE processes (Zhang and Cussler, 
1985; D'Elia et al., 1986; Dahuron and Cussler, 1988; Tai et 
al., 1994; Yeh and Huang, 1995). Equations 40-42 imply that 
the logarithm of C,(t)- mC,,,(t) varies linearly with time. 
Thus measurements of the difference in concentration be- 
tween the two reservoirs vs. t (time) allows us to calculate the 
mass-transfer coefficient Kavg,Z,O or Shavg,Z,O (Yang and Cus- 
sler, 1986). 

Experimental Studies 
Microporous hydrophobic Plasmaphan polypropylene hol- 

low fibers (ID 0.33 mm, wall thickness 0.15 mm, porosity 70%) 
from Akzo/Enka were used. The desired number of hollow 
fibers were placed into an external glass shell and glued at 
both ends of the shell with an epoxy. The characteristics of 
hollow-fiber modules used in this study are fiber number 90, 
effective length 0.14 m, shell internal diameter 7.7 mm, and 
packing density 61%. 

Figure 1 shows the experimental setup, and the experimen- 
tal procedures were previously described (Qin et al., 1996). 
An aqueous solution (1 L) with the given concentration of 
NH, (ca. 0.1 M) served as the feed. Pure water was used as 
the stripping solution. In some experiments, a 0.5-M Na,SO, 
aqueous solution instead of pure water was used as the feed 
or the stripping solution. Both solutions were contained in a 
glass vessel with a stirring bar. Temperature was maintained 
by a water bath within an error of +O.l"C. After stirring for 
several minutes to attain thermal equilibrium, the feed was 
pumped through the lumen side, and the stripping solution 
through the shell side in co- or countercurrent mode. Both 
the feed and stripping solutions were recycled between the 
module and the reservoirs. Samples of 2 mL were taken from 
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the feed reservoir at appropriate time intervals, and the con- 
centration of ammonia was determined by titration with 
0.02-M HCI using an autotitrator with errors less than 0.3%. 

). 

Results and Discussion 
Lumen mass-transfer cmflcient for Case A 

The major difficulty in the analytical solution of Case A is 
accurately computing the higher eigenvalues and eigenfunc- 
tions, if accurate solutions are desired for the entrance re- 
gion (Cooney et al., 1974). When the method of orthogonal 
collocation on finite elements was used, more than 40 finite 
elements in the r'-direction and a value of 2.5 X for the 
size of the finite elements near the wall were required in the 
entrance region in order to ensure that the relative error of 
Sh, was less than Fortunately, the size of the finite 
elements in the r'-direction and the size of the step in the 
z'-direction can be extended very quickly, as z' increases 
without influencing the accuracy of Sh, (relative error I 

The numerical results were compared with the results 
calculated by Kooijam (1973) and Worsoe-Schmidt (19671, as 
in Table 2.  

Because the Graetz problem of a constant concentration 
boundary condition is identical to Case A when Sh, = +m, 

and the problem of a constant flux boundary condition is 
identical to Case A when Sh, = 0 (Kooijman, 19731, neither 
of them is discussed further. 

Kooijman (1973) pointed out that for many cases the influ- 
ence of Sh, on Shavg,z,O is small, and so Shavg,,,O can be ob- 
tained by simply combining Sh, with Shavg,, for a constant 
concentration boundary condition. This conclusion is still true 

feed 
reservoir 

n 

stripping 
solution 
reservoir 

I 

Figure 1. Experimental apparatus. 

when Sh, is extremely high or extremely low. However, the 
resulting errors increase when Sh, is in the middle range, 
characterizing the practical operation [for instance, Sh , is 
calculated to be 5.6 for an SGM process (Qin et al., 1996) 
and to be 12.7 for an SLM process (Urtiaga et al., 199311. The 

Table 2. Numerical Results of Shemood Number vs. Analytical Results 
Sh, = +m Sh, = 0 

Z' Sh, Sh: Sh:' Shavg,z Sh::g,, Sh, Sh:* 
2.5 X lo- '  35.805 35.806 54.176 43.654 43.651 
5.0X 28.254 28.254 42.814 34.510 34.511 
LOX 22.280 22.46 22.278 33.811 33.84 27.275 27.276 
2 . 0 ~ 1 0 - ~  17.559 17.33 26.684 26.75 21.557 
2.5 x 1 0 - ~  16.264 16.264 24.723 19.987 19.987 

4 . o ~  10-4 13.842 13.83 21.049 21.05 17.049 
5.0X 12.824 12.824 19.501 15.814 15.813 
7 . o ~  10-4 11.433 11.43 17.379 17.38 14.123 
LOX 1 0 - ~  10.131 10.13 10.130 15.384 15.38 12.539 12.538 
2.0~10-3 8.0363 8.036 12.152 12.51 9.9864 

2.5 X 7.4704 7.470 11.269 9.2951 9.295 
4 . o ~  10-3 6.4296 6.430 9.6281 9.628 8.8020 
5.0X 6.0015 6.002 8.9433 7.4937 7.494 
7.0X 5.4301 5.430 8.0145 6.7881 
1.ox 10-2 4.9161 4.916 4.917 7.1553 7.155 6.1482 6.149 

2.0x 10-2 4.1724 4.172 
4.0X l o - *  3.7689 3.769 
7.0X 3.6688 3.669 
1.ox 10-1 3.6581 3.658 
2.0x10-' 3.6568 3.657 

4.0 X 10- ' 3.6568 3.657 
7.0 X 10- ' 3.6568 3.657 
1 .o 3.6568 3.657 
2.0 3.6568 3.657 

+= 3.65680 3.65679 

5.8147 5.818 5.1984 
4.8668 4.867 4.6213 
4.3674 4.367 4.4162 
4.1556 4.156 4.3748 
3.9063 3.906 4.3637 

3.7816 3.782 4.3636 
3.7281 3.723 4.3636 
3.7067 3.707 4.3636 
3.6804 3.682 4.3636 
3.65680 3.65679 4.3636 

* Kooijman, 1973. 
** Worsoe-Schmidt, 1967. 
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largest error arises when Sh, = 4.0 and the boundary film is 
fully developed, where Sh, = 4.0, thus from Eq. 21 Shavg,z,O = 
2.0, but the calculated value of Shavg,,,O according to Kooij- 
man’s suggestion is 1.91, and the error is 4.5%, which means 
that for a given C‘ the error of the calculated z’ is 
4.5 % according to Eq. 20. These errors are not quite large 
when compared to the experimental errors in chemical pro- 
cesses. Nevertheless, for further application in the next sec- 
tion and in succeeding articles, a set of correlations is sug- 
gested to obtain more accurate values of Sh, and Shavg,, as a 
function of z’ and Sh,. In Figure 2a, Sh, and Shavg,; are 
given as a function of the dimensionless distance z’ for sev- 
eral values of Sh,, and in Figure 2b, comparison is made 
with the Sherwood numbers when Sh, = +m. We can see in 
Figure 2a that at the entrance region (z’  I 0.011, the relation- 
ship between z’ and Shavg,z (or Sh,) on the double logarithm 
coordinate is linear. Thus Shavg,, can be expressed as 

Shavg,, = az” (43) 

Sh, = a’ z”’. (44) 

The exponent p (or p’)  is different for different values of 
Sh,, otherwise the lines in Figure 2b should be horizontal, 
when z’ is small. 

The lumen Sherwood numbers for different Sh, when the 
lumen concentration boundary is fully developed are shown 

4.4 1 1 

10.’ 1 0 ’  1 0 ’  10” 101 l o ?  10’ 
S h ,, 

Figure 3. Lumen Sherwood numbers as function of Sh, 
when z‘ tends to infinity. 
Points are  the calculated values from solving Eqs. 1-4, while 
the curve represents the regression values. 

in Figure 3. A correlation for the calculated values when 0.05 
I Sh, I 200 with an average error of 0.065% and a maxi- 
mum error of 0.2% is obtained as 

Sh, = -0.2882 arctg{- 1.555[log(ShW)-0.5831) +4.010. 

(45) 

When Sh, I 0.05, Sh, = 4.3636 with an error of less than 
0.1%, and when Sh, 2 200, Sh, = 3.6568 with an error of less 
than 0.1%. 

The following correlation is suggested to express Shavg,; as 
a function of Sh, and z’: 

4 

lh 
Shavg,z = [ ( a z ’ P I Y  + Sh‘] (46) 

10 I 0  ’ 
I ’  

b 

Figure 2. (a) Local and local average lumen Sherwood 
number as functions of z’ and Sh,; (b) local 
and average lumen Sherwood numbers for: 
different Sh, vs. Sh, tending to infinity. 
Solid lines are  for S h , , :  and dashed lines are for Sh,. 

For the entrance region Eq. 46 reduces to Eq. 43. In Eq. 46, 
y is treated as a constant, and (Y and /3 are treated as a 
function of Sh,. For each Sh,, more than 240 points, uni- 
formly distributed on the logarithm coordinate of z’ from 
lo-’ to 10, were used to get the best values for (Y, p, and y. 
The best fit of y for all the values of Sh, is 3.65 f. 0.07; and 
the values of a and /3 for various Sh, are shown in Figure 4. 
The data can be correlated by the following equations. When 
0.1 I Sh, I 1,000 

=1.608-5.874X10-2 10g(Sh,)-6.94X lo-* 10g2(Sh,) 

+ i . 4 5 9 ~ 1 0 - ~ 1 0 g ~ ( s h , ) + 2 . 3 i 4 ~  lo-’ 10g4(sh,) 

-5.285X 10-31~g5(Sh,) R’=0.999 (47) 

p = -0.3387-3.871X10-31~g(Sh,)-4.014X10-31~g2(Sh,) 

+ 5 . 7 7 9 ~ 1 0 - ~  log’(Sh,)+1.480~10-~ log‘(Sh,) 

-3.798X log‘(Sh,) R 2  = 0.992. (48) 
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Figure 4. Empirical parameters in Eqs. 43 and 44 as a 
function of Sh,. 
Points are the calculated values from solving Eqs. 1-4, while 
the curve represents the regression values. 

When Sh,. I 0.1, a = 1.625, p = -0.338, and when Sh, 2 

For the data of Shavg,z covering the ranges 0 I Sh, I +a 
and lo-’ I z’ I 10, the average error is 0.17% and the maxi- 
mum error is 0.58%, or a smaller error for Shavg,O,, according 
to Eq. 21. As a comparison to the calculation of ShavGO,, at 
the entrance region (2’ I 0.01) for 0 I Sh, I +a, the maxi- 
mum error of Leveque’s equation is 5.8%, that of the correla- 
tion of Yang and Cussler (1986) is 7.3%, while that of Ur- 
tiaga and Irabien’s (1993) is 12.4%. 

With an average error of 0.45% and a maximum error of 
1.9% the local lumen Sherwood number Sh, can be ex- 
pressed as 

1,000, (Y = 1.441, /3 = -0.3426. 

where 

(49) 

100 

Y 
.&5 I0 
;n 

....................................................... 

I *  

Figure 5. Typical variation of local average Sherwood 
number Shavg,z with 2’ using separation fac- 
tors m’ as a parameter (Sh, = 10). 

illustrated in Figures 5 and 6, respectively. When z’ is large 
( > Sh, and Shavg,, are significantly influenced by the 
variation of m‘, and this influence becomes more pronounced 
when the lumen film boundary is fully developed (i.e., Sh, 
and Shavg,z tend to a constant). Sh, and Shavg,z increase with 
an increase in mQl/Qs for the countercurrent mode, while 
Sh, and Shavg,, decrease with an increase of mQ,/Q, for the 
cocurrent mode. Thus, compared to the cocurrent mode, the 
countercurrent mode not only provides a higher logarithmic 
mean driving force, but also provides a higher lumen mass- 
transfer coefficient for the given value of mQl/Q,. To the 
best of our knowledge, this significant phenomenon has never 
been noticed before for shell-and-tube heat or mass-transfer 
devices. 

Another interesting phenomenon found is that when the 
countercurrent mode is adopted with mQ,/Q,= 1, Sh, is 
4.3636, whatever the value of Sh, is (see Figure 6). This can 

a’ = 1.203 -7.574X lOg(Sh,)- 1.138X lo-’ log2(Sh,) 

- 1.449 X 10-21~g3(Sh,)+4.546X10-2 l0g4(Sh,) 

-9.462x10-31~g5(Sh,) R2 =0.998 (50) 

8 - Shw=l.avg 

Shw=IO;avg ----- 
Shw=jO.avg - - - - - - -. 

.................. Shw=I 
Shn.=lO 
Shw=50 

-. -. -. -. - 
......... 

p’ = -0.3384-5.522~lO-~log(Sh,)-9.707~lO-~log~(Sh,) 

- 8 . 0 2 0 ~  log3(Sh,) +4.591 x log4(Sh,) 

- 1.038X10-3 iogS(Sh,). R2 = 0.993. (51) 

When S h ,  I 0.1, a’ = 1.2311, p’ = -0.337, and when Sh, 2 

100 

Figure 6. Typical variation of local Sherwood number 
Sh, and local average Sherwood number 
Shavg,z with z’ for various Sh, when m’ = - 1. 

1.000, (Y’ = 0.9538, p’ = - 0.3416. 

Lumen mass-transfer coeficient for Case B 
Influence of m’ on Lumen Mass-Transfer Coefficient. The 

influence of the separation factor m’ on Sh, or Shavg,, is 

4 ‘  
10-2 10.’ 

2 ’  
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be explained by (1) if the lumen concentration is C,, the shell 
outlet mixed-cup concentration is C,,,, and the lumen mixed- 
cup concentration is C, at a given z ,  then the shell bulk con- 
centration is C,,, - [Q, /Q,  (C, - Cz). Thus the overall con- 
centration difference is C, - [mC,,, - m(Ql/Q,XCo - Cz)l = 
C, - mCS,=, which means that the overall concentration dif- 
ference along the module is constant; (2) when the lumen 
concentration boundary is fully developed, Sh, and Shavg,z, 
and thus, Shavg,O,z and Kavg,O,r, tend to be constant. As a re- 
sult, the mass flux through the membrane, the product of 
overall mass-transfer coefficient and the overall concentra- 
tion difference, is a constant for a large z’ value. Therefore, 
it is reasonable that when m‘ = - 1 and z‘ + +cot Sh, or 
Shavg,, tends to the value for the case of constant flux through 
the wall. 

An attempt was made to find a rule for the variation of the 
fully developed Sherwood number Sh, with m’. As shown in 
Figure 7, when -5 I m‘ I 2, Sh, varies strictly linearly with 
m‘ for a certain Sh,. This makes the prediction of Sh, at a 
given m‘ very easily, because each line passes through two 
special points: ( - 1,4.364) and [O,Sh,(Sh,)] in Figure 7. 
Therefore ShJSh,,m’) can be expressed as 

Sh,(Sh,,m‘) = m’[Sh,(Sh,)-4.364]+ Sh,(Sh,). (52) 

It can be seen in Figure 7 that the higher the value of Sh,, 
the more pronounced the influence of m’, and when Sh, is 
small, the effect of m‘ can be negligible. This actually reflects 
the influence of the variation of shell concentration along the 
axial direction of the modules on the lumen mass transfer. 

For conventional absorption/desorption processes, the ab- 
sorption factor is usually from 0.7 to 1.4, and for conven- 
tional extraction/stripping processes, the extraction factor is 
usually from 1 to 5 (Perry and Green, 1984). Thus the data of 
Sh, beyond - 5 I m‘ I 2 are not further correlated. 

We can conclude that m‘ affects the lumen mass-transfer 
coefficient in a larger degree than Sh, does, for example, the 
largest error for Case A is 4.5%, as discussed in the previous 

- 1 0  -8 -6 -4 - 2  0 2 4 6 8 10 
m ’  

Figure 7. Typical variation of lumen local Sherwood 
number when Z‘ +m with separation factor 
with Sh, as a parameter. 

1984 August 1997 

section, but this error can be introduced by m‘ = kO.23 for 
large Sh, when z’ is large. 

The following correlations are used to predict Shavg,z and 
Sh, for the set of Sh,, z’ and m’: 

The value of a ,  p’ ,  a‘, /3‘ is the same as obtained before. 
The maximum error of Sh,,, (Sh,,m’) and Sh,(Sh,,m’) is 
0.72% for the range of 0 I Sh , I + ~0 when - 1 I m’ 5 0; it is 
4.2% when -5 I m‘ I - 1; and when 0 < m’ I 4, it is 12.2% 
for high values of Sh,. 

Proofsfrom the Literature. The effect of the flow mode of 
the shell fluid on the lumen mass transfer has hardly been 
studied. One reason for this is that the hollow-fiber modules 
of laboratory scale are usually short (then a small z’), thus 
making the shell effect negligible. Furthermore, when the re- 
sistance of the membrane wall and/or shell fluid is dominant, 
that is, Sh, is small, the effect of m’ is small, which makes an 
accurate calculation of the lumen mass-transfer coefficient 
unnecessary. Besides, no researcher realized this effect and 
intentionally performed such an experiment. Nevertheless, a 
few examples can be found indicating that the experimental 
data of the overall mass-transfer coefficient in the counter- 
current mode are systematically higher than those in the 
cocurrent mode (D’Elia et al., 1986, Fig. 3; Tai et al., 1994, 
Fig. 3.1, which is the same conclusion obtained here. 

Experimental results 
In order to demonstrate the influence of the cocurrent or 

countercurrent mode on the mass transfer in the lumen side, 
experiments were performed where ammonia was desorbed 
from an aqueous solution in the lumen through a gas mem- 
brane supported in the porous wall to pure water in the shell. 
According to Eqs. 40-42, the logarithm of C,( t ) -  mC,,,(t) 
varies linearly with time, allowing Kavg,,,, or Shavg,Z,O to be 
determined from the slope. The value of Shavg,,,o under vari- 
ous experimental conditions is shown in Figures 8 and 9. We 
can see that in all cases the values of Shavg,z,o in the counter- 
current mode are systematically higher than those obtained 
for the cocurrent mode, as obtained from mathematical model 
simulation. The difference is certainly not from the experi- 
mental error, since the maximum experimental error of the 
value of Shavg,,,, is 3%, obtained as the average value for 
thrice repeated experiments under the same conditions. As 
in Figure 8, a difference of more than 10% for Shavg,z,o can 
be observed when mQI/Q, = 1, or a higher difference for 
Sh,,, according to Eq. 21. As can be seen in Figure 8, for a 
given value of u,  and thus a certain value of Z ’ ,  a higher 
value of I m’ I does not produce a more significant difference 
between the values of Shavg,Z,O in the countercurrent mode 
and those in the cocurrent mode, since in this case, the in- 
crease of I m’ I is obtained by fixing the lumen flow rate while 
decreasing the shell flow rate. As indicated by the correla- 
tions of the shell mass-transfer coefficients in the literature 
(Costello et al., 19931, the shell mass-transfer coefficient 
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Overall average Shenvood number under var- 
ious experimental conditions, T = 45"C, for 
each group of data. 

Im'l 

The points above are by countercurrent mode, the points 
below are by c m r e n t  mode. 

varies with the 0.5 - 1.0 power of the shell flow rate, and as a 
result, Sh, decreases. In Figure 8 it can also be seen that for 
a given value of m', for example, I m' 1 = 1, the decrease in 
shell resistance by an increase in Q, does not significantly 
increase the difference in Shavg,z,o for the two operational 
modes, because the simultaneous increase in Q, reduces the 
value of Z' ,  thus decreasing the effect of m', as concluded 
before. 

As an alternative, another attempt to modify the value of 
m' was to change m, for which the salting-out effect was used. 
The variation of the solubility of ammonia with salt concen- 
tration can be expressed as (HermaM et al., 1995) 

Im'l 

Figure 9. Overall average Shenvood number under var- 
ious experimental conditions, T = 25"C, u = 
0.10 d s ,  for each group of data. 
The points above are by countercurrent mode, the points 
below are by cocurrent mode. 
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where m is the ratio of the solubility of ammonia in pure 
water to the solubility of ammonia in a salt-containing solu- 
tion at a certain ammonia partial pressure; Csalt is the salt 
concentration; and K is the Sechenov constant. If a pure 
aqueous solution flows through the lumen and an aqueous 
salt-containing solution flows through the shell, m is exactly 
as defined before the phase equilibrium coefficient of the 
component between the lumen and shell fluids. Due to its 
high value of K (Hermann et al., 1999, Na,SO, was used in 
the experiments. When the salt concentration is 0.5 M, m = 
1.25. As can be seen in Figure 9, the addition of salt does not 
significantly increase the Sh,,&,,, difference for the two op- 
erational modes. However, on the whole, the values of 
Sh,vg,z,o significantly decrease, because the addition of 0.5 M 
Na2S0, at 25°C changes the viscosity of water from 0.89 to 
1.14 mPa -s, and consequently, the diffusion coefficient of 
ammonia in the shell solution, and thus Sh,, decreases. When 
the same salt concentration is simultaneously added to the 
feed in the lumen, m = mlms = 1, while the mass-transfer co- 
efficient through the membrane increases by a factor of m,. 
The higher viscosity results in a lower diffusion coefficient in 
the lumen, and thus a lower z', and in the shell the higher 
viscosity also results in a lower mass transfer coefficient. As a 
net result, the value of Sh,,,, increases, but their differ- 
ence does not increase as in Figure 9. 

Conclusion 
Among the applications of hollow-fiber membrane proc- 

esses, there are some cases in which the membrane-perme- 
ating component is diluted in the lumen fluid. These can be 
found in new membrane processes under development. In 
these cases, the flux through the membrane is small, and thus 
the volumetric flow rate of the two fluids, unlike in the tradi- 
tional membrane processes, can be taken as constant. When 
a constant external (wall and shell) resistance and a constant 
shell concentration are present, the boundary conditions are 
linear. In this article, by numerically solving the continuity 
mass conservation equation with the linear boundary condi- 
tions, we obtained and correlated the lumen Sherwood num- 
ber as a function of the dimensionless parameters Sh, and 
2'. The correlations greatly improve the calculated accuracy 
of the overall mass-transfer coefficient, and can be used to 
obtain the lumen mixed-cup concentration by a set of alge- 
braic equations instead of the partial differential equation. 
The correlations also provide a basis for calculating the lu- 
men mass-transfer coefficient when a more complicated 
boundary condition occurs at the lumen surface. 

Countercurrent contacting is often used to give a better 
separation in many unit operations in the chemical industry, 
and it is usually understood that countercurrent contacting 
provides a higher average mass-transfer driving force than 
does cocurrent contacting. In many membrane' separations, 
one flow is in excess, so that the type of contacting is not 
important. Yet there are many hollow-fiber applications in 
which excess feed or excess stripping fluid cannot be used, 
and thus, the shell concentration may vary along the axial 
direction. Therefore, in this article a case is studied where 
the external resistance is constant, but where the shell con- 
centration varies along with the axial direction resulting from 
the operational cocurrent or counter-current mode. The sep- 
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aration factor m’ is used to characterize this effect. The nu- 
merical calculation results demonstrate that the lumen Sher- 
wood number is independent of the real lumen and shell con- 
centrations, but it is a function of m’ as well as Sh, and z‘. 
And this effect becomes more pronounced when Sh, and/or 
z’ are large. The countercurrent mode, when compared to 
the cocurrent mode, not only provides a higher driving force 
but also provides a higher lumen mass-transfer coefficient. 
The preceding conclusion is supported by the experimental 
data in literature and the SGM experimental data in the pre- 
sent article. On the basis of solving the continuity mass con- 
servation equation with the boundary conditions, the lumen 
Sherwood number is obtained and correlated as a function of 
Sh,, z’, and m’. The correlations can be used to obtain the 
lumen mixed-cup concentration by a set of algebraic equa- 
tions, which are used instead of partial differential equations 
with more accuracy compared to that described in literature. 

These results can be used for the analogous tube-shell lam- 
inar heat or mass-transfer processes as well. To the best of 
our knowledge, this is the first theoretical analysis of the ef- 
fect of the shell concentration (temperature) variation on the 
lumen (thus, the overall) mass (heat) -transfer coefficients. 
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Notation 
C =concentration of the component in lumen fluid of the hol- 

low-fiber module, M 
C‘ =dimensionless concentration of the component in fiber lu- 

men 
C,  =inlet concentration of the component in the lumen at the 

fiber entrance or the bulk concentration of the component 
in the lumen-side reservoir, M 

C,(O) =initial concentration of the component in the lumen-side 
reservoir, M 

C,(t) =concentration of the component in the lumen-side reser- 
voir at time f ,  M 

C,,, =concentration of the component in the shell fluid at the 
fiber outside surface, M 

C, =concentration of the component in the lumen fluid at the 
lumen surface, M 

Ck =dimensionless concentration of the component in the lu- 
men fluid at the lumen surface 

C, =shell bulk concentration of the component when the con- 
centration is constant, M 

C,,, =inlet concentration of the component in the shell or the 
bulk concentration of the component in the shell-side 
reservoir, M 

C,,,(O) =initial concentration of the component in the shell-side 
reservoir, M 

C,.,(t) =concentration of the component in the shell-side reservoir 
at time t, M 

C,,z =mixed-cup concentration of the component in the shell at 
z, M 

C, = mixed-cup concentration of the component in fiber lumen 
at z ,  M 

D =molecular diffusion coefficient of the component in lumen 
fluid, m2/s 

k ,  = mass-transfer coefficient through the membrane (based on 
the lumen radius), m/s 

k ,  = mass-transfer coefficient through the shell (based on the 
lumen radius), m/s 

K =external (membrane wall and shell side) mass-transfer co- 
efficient of the component (based on the lumen radius), 
m/s 

Kavg, :  =average lumen film transfer coefficient from the entrance 

K,,g,Z,,,  = average overall mass-transfer coefficient of the module, 
to z, m/s 

m/s 
K ,  =local lumen film transfer coefficient at z ,  m/s 

K,,,, =local overall film transfer coefficient at z, m/s 
m ,  =phase equilibrium coefficient of the component between 

m,  =phase equilibrium coefficient of the component between 
the lumen fluid and membrane 

the membrane and shell phases 
r =radial coordinate, m 

r’ =dimensionless radius coordinate 
R =fiber lumen radius, m 

Q! =total volumetric flow rate through lumen of the module, 

Q, =total volumetric flow rate through shell of the module, m3/s 
m3/s 

Sh, = Sherwood number when z’ -+ + x 

Sh,,,,,,, =Sherwood number based on Kavg.Z.o 
u =average velocity in the lumen, m/s 
z =axial coordinate, m 

z’ =dimensionless axial coordinate 
2 =effective length of the module, m 
2’ =dimensionless length of the module 
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Appendix 
When metal ion M2+ is stripped from an aqueous solution 

by an MBE or SLM process using chelation acid as the car- 
rier, interfacial reaction can be expressed as (Yi and Tavlar- 
ides, 1995): 

M 2 +  (aq.) + 2HR( or.) = MR2( or.) + 2H+ (aq.). (All  

When the reaction takes place at high carrier concentra- 
tion compared to the metal ion concentration, and the pH is 
maintained constant or the hydrogen-ion concentrations are 
large compared to the metal ion or metal complex concentra- 
tions, the approximations yield interfacial reaction rates of 
the form of first-order reversible reaction as (Yi and Tavlar- 
ides, 1995): 

R, = k ,  CMl+ .I - k;  C M R Z , m , l  (at lumen surface) (A21 

R s =  k: C M R 2 . m , s -  k s  ‘M’+,rn,s  

(at outside surface, when operated as an SLM process), (A3) 

where k and k‘ are the interfacial rate coefficients at the 
lumen and lumen interfaces, respectively, I = lumen side, m 
= membrane surface, and s = shell side. 

When it is operated as an MBE process, the boundary con- 
dition at the lumen interface is 

Equation (A4) can be arranged as 

Let 

2R 
Sh - 

D -+-+- 
\ k i  k / k m  k , k m  J 

then Eq. (A5) can be reduced to Eq. 15. 

dition at the lumen interface is 
When it is operated as an SLM process, the boundary con- 
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dC 2R 
d r  

(Al l )  1 k; +-+-) k;  k,k; ’ 
D -+- i k ,  k ,Km k,k: k,k’,ks 

- D  -= klCM2+ ,I - k;  C M R 2 , m , l  = k m ( C M R 2 , m , l  - C M R 2 , m , s )  Shw = 

= k:CMR2,m ,s - k s C M 2 +  ,m ,s 

= ks(CMR,,m,s - CMMR2,s) then Eq. A9 can be reduced to Eq. 15. 
When the operation is executed in the cocurrent or coun- 

tercurrent mode and the shell concentration variation along 
the axial direction is included, BC3 identical to Eq. 27 can be 
derived as well, where m = (k; /k , )  for MBE and m = 

-D-= (A91 Therefore, m is actually the interfacial reaction equilib- 
-+- +-+- rium constant at the lumen interface for the MBE case, and 
k ,  k , K ,  k,ki k,k:k, m is actually the ratio of the interfacial reaction equilibrium 

constant at the lumen interface to that at the shell interfacial 

Equation A8 can be arranged as 

kSk; 
dC C M 2 i  .I - mCM2+ ,s (k ,k; /k ,k:)  for SLM, respectively. 

d r  1 k; k; ksk; ’ 

Let for the SLM case. 

(A10) 
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Corrections 
In the article titled “Two-Dimensional Model for Circulating Fluidized-Bed Reactors” (July 

1996, p. 18751, the sixth line below Eq. 19 on p. 1880 “Luca et al. (1995)”should be changed to 
“Marmo et al. (1995).” In addition, the names of authors of “Comparison Among Several Predic- 
tive Models for Circulating Fluidized Bed Reactors” in the Literature Cited section (p. 1888) 
should be changed to “Marrno, L., L. Manna, and G. Rovero”from “Luca, M., M. Luigi, and R. 
Giorgio.” 

In the article titled “High-Energy Density Storage of Natural Gas in Light Hydrocarbon 
Solutions (April 1997, p. 1108), the captions for Figures 3, 4 and 5 should read “ . . .stored in 21 
MPa,” not “ . . .stored at 21 MPa.” Additionally, in Figure 3 “ . . . vs. CNG” should be changed to 
“ . . .vs. CNG at 21 MPa.” 
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